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ABSTRACT
Radiation pressure dominated accretion discs around compact objects may have turbu-
lent velocities that greatly exceed the electron thermal velocities within the disc. Bulk
Comptonization by the turbulence may therefore dominate over thermal Comptoniza-
tion in determining the emergent spectrum. Bulk Comptonization by divergenceless
turbulence is due to radiation viscous dissipation only. It can be treated as ther-
mal Comptonization by solving the Kompaneets equation with an equivalent “wave”
temperature, which is a weighted sum over the power present at each scale in the tur-
bulent cascade. Bulk Comptonization by turbulence with non-zero divergence is due
to both pressure work and radiation viscous dissipation. Pressure work has negligible
effect on photon spectra in the limit of optically thin turbulence, and in this limit
radiation viscous dissipation alone can be treated as thermal Comptonization with a
temperature equivalent to the full turbulent power. In the limit of extremely optically
thick turbulence, radiation viscous dissipation is suppressed, and the evolution of lo-
cal photon spectra can be understood in terms of compression and expansion of the
strongly coupled photon and gas fluids. We discuss the consequences of these effects
for self-consistently resolving and interpreting turbulent Comptonization in spectral
calculations in radiation MHD simulations of high luminosity accretion flows.
Key words: accretion, accretion discs — radiation mechanisms: non-thermal —
turbulence — galaxies: active — X-rays: binaries.
1 INTRODUCTION
Electron scattering is one of the most important processes
in determining the emergent thermal spectrum from mod-
els of optically thick accretion discs around black holes and
neutron stars. Electron scattering opacity generally domi-
nates absorption opacity in the atmospheres of the inner-
most regions of such discs (Shakura & Sunyaev 1973). In
the case where coherent (Thomson) scattering is a good ap-
proximation, the resulting local thermal spectrum of some
annulus in the disc is generally harder than a blackbody
with the same effective temperature, due to incomplete ther-
malization at the scattering photosphere. However, inco-
herent (Compton) scattering in the disc surface layers by
thermal electrons can reduce this spectral hardening by
increasing the energy exchange between the photons and
the plasma (Shimura & Takahara 1995; Davis et al. 2005;
Davis, Done & Blaes 2006).
In addition to the disc atmosphere itself, many mod-
els invoke a powerful corona above the disc consisting of
high temperature or nonthermal electrons that Compton
upscatter disc photons to produce the energetically signifi-
⋆ E-mail: jason.kaufman09@gmail.com (JK);
blaes@physics.ucsb.edu (OMB)
cant hard X-rays that exist in certain classes of active galac-
tic nuclei and in certain black hole X-ray binary accretion
states (e.g. Haardt & Maraschi 1991; Svensson & Zdziarski
1994). These hard X-rays in turn interact with the rela-
tively cool disc atmosphere to produce reflection spectra
that are widely observed in many black hole sources (e.g.
Lightman & White 1988; Ross & Fabian 1993).
In this work we explore turbulent Comptoniza-
tion, which is the effect of Comptonization by
bulk, turbulent electron motions on photon spectra
(Socrates, Davis & Blaes 2004; Socrates 2010). In sources
with radiation pressure dominated accretion flows, bulk
velocities may exceed thermal electron velocities, a phe-
nomenon first pointed out in Socrates, Davis & Blaes
(2004). The turbulent speeds vturb on the outer scale of an
MHD turbulent cascade will be of order the Alfve´n speed,
and the ratio of this to the root mean square electron
thermal velocity is therefore
vturb
〈v2e 〉1/2
∼
(
Pmag
Prad
)1/2 (
Prad
Pgas
)1/2 (
m
mp
)1/2
. (1)
Here Pgas, Prad, and Pmag are the gas, radiation, and
magnetic pressures, respectively, and mp/m is the ra-
tio of the proton to electron mass. Stratified shearing
box simulations of magnetorotational turbulence generally
c© 2015 RAS
2 J. Kaufman and O. M. Blaes
have disc atmospheres that are supported by magnetic
fields rather than thermal pressure (Miller & Stone 2000;
Hirose, Krolik & Stone 2006; Hirose, Krolik & Blaes 2009;
Guan & Gammie 2011; Jiang, Stone & Davis 2014a). Hence
the first factor generally exceeds unity in an otherwise radia-
tion pressure dominated disc. Bulk speeds on the outer scale
of the turbulence will therefore exceed the electron thermal
speeds whenever the radiation pressure to gas pressure ratio
exceeds the ratio of the proton to electron mass ratio, and
even smaller depending on how magnetically supported is
the disc atmosphere. In this regime, bulk Comptonization
by the turbulence may dominate thermal Comptonization
in determining the shape of the spectrum emitted by a local
patch of the disc.
This regime is commonly reached for near Eddington
accretion on black holes of all mass scales. Indeed, the in-
ner disc solution of the standard geometrically thin model
of Shakura & Sunyaev (1973) gives vertically averaged radi-
ation to gas pressure ratios of approximately
Prad
Pgas
∼ 107α1/4
(
M
108M⊙
)1/4
η−2
(
L
LEdd
)2 (
r
rg
)−21/8
,
(2)
where α is the ratio of turbulent stress to thermal pressure,
M is the black hole mass, η ≡ L/(M˙c2) is the radiative ef-
ficiency of the disc as a whole, L/LEdd is the luminosity in
Eddington units, and r/rg is the radius in the disc in units
of the gravitational radius rg ≡ GM/c2. Hence the radiation
to gas pressure ratio of the innermost disc will generally ex-
ceed the proton to electron mass ratio for near-Eddington
accretion even for stellar mass black holes, and certainly
for supermassive black holes. On the other hand, energy
exchange between the photons and the plasma is generally
dominated by true absorption opacity in standard disc mod-
els for the most supermassive black holes (Laor & Netzer
1989; Hubeny et al. 2001), which may reduce bulk Comp-
tonization by turbulence in these sources.
We are also motivated by observational evidence in
many sources for a cooler, more optically thick medium that
also Compton upscatters disc photons in high luminosity
sources, but not to the high energies usually associated with
the more traditional external corona. The soft X-ray excess
of the type 1 Seyfert NGC 5548 was fit by Magdziarz et al.
(1998) with a warm (kBT ∼ 0.3 keV) optically thick (τ ∼ 30)
Comptonizing medium. Similar parameters were obtained
for the soft X-ray excess of the type 1 Seyfert Mrk 509 by
Mehdipour et al. (2011): kBT ≃ 0.2 keV and scattering op-
tical depth τ ≃ 16 to 18. Done et al. (2012) fit the soft X-ray
excess of the extreme Narrow Line Seyfert 1 RE J0134+396
assuming extra Comptonization within the disc atmosphere
itself with kBT ≃ 0.23 keV and τ ≃ 11. Such a spectral
decomposition is consistent with the lack of short time scale
variability in the soft X-ray excess compared to the hard X-
rays in this source (Middleton et al. 2009). Collinson et al.
(2015) fit the soft X-ray excesses of eleven bright quasars
with Comptonization in a medium with kBT = 0.2 keV and
τ = 10. Kolehmainen, Done & Dı´az Trigo (2011) fit soft in-
termediate state spectra of the black hole X-ray binary GX
339-4 with a Comptonizing medium with kBT ≃ 0.7 keV and
τ ≃ 30. Thermal Comptonization fits to the soft X-ray spec-
tra of a number of ultraluminous X-ray sources have kBT ≃
1−3 keV and τ ≃ 6−80 (Stobbart, Roberts & Wilms 2006;
Gladstone, Roberts & Done 2009; Yoshida et al. 2013).
Such fits have been nicely confirmed with NuSTAR and
XMM-Newton spectra of the ultraluminous X-ray sources
NGC 1313 X-1 and X-2, which require warm kBT ≃ 1 −
2 keV, optically thick τ ≃ 10 − 16 Comptonizing media
(Bachetti et al. 2013). Gladstone, Roberts & Done (2009)
and Yoshida et al. (2013) suggest that one way of forming
these optically thick cool coronae is by a radiation pres-
sure driven outflow. The alternative we consider here is bulk
Comptonization by turbulence in the disc atmosphere itself.
Comptonization by bulk motions in the accretion flow
has also been considered by others. Blandford & Payne
(1981a,b) considered bulk Comptonization in converging
flows and shocks. Starting from this seminal work, bulk
Comptonization by radial flows has been calculated in de-
tail by numerous authors (Payne & Blandford 1981; Colpi
1988; Titarchuk, Mastichiadis & Kylafis 1997; Psaltis 2001;
Niedz´wiecki & Zdziarski 2006). Kawashima et al. (2012) in-
cluded bulk Comptonization in their Monte Carlo calcu-
lations of photon spectra from radiation MHD simula-
tions of super-Eddington accretion flows, and found that
it produced significant spectral hardening which resem-
bled spectra of ultra-luminous X-ray sources. Here we fo-
cus on smaller scale bulk Comptonization by turbulence
within the disc atmosphere itself. Turbulent Comptoniza-
tion has also been invoked in other areas of astrophysics.
Zel’dovich, Illarionov & Sunyaev (1972) and Chan & Jones
(1975) used then current limits on cosmic microwave back-
ground temperature anisotropies to constrain possible tur-
bulent energy on cosmological scales prior to recombination.
Thompson (1994) considered Comptonization by Alfve´nic
turbulence in a relativistic outflow as a model for the spec-
trum of gamma-ray bursts.
The purpose of this paper is to determine how photon
spectra produced by turbulent Comptonization depend on
properties of the turbulence itself, and how to resolve and in-
terpret this effect in radiation MHD simulations. The struc-
ture of this paper is as follows. In section 2 we show that
the macroscopic physical origins of turbulent Comptoniza-
tion energy exchange are work due to radiation pressure and
viscous dissipation due to the radiation viscous stress ten-
sor, and we discuss why this requires us to treat divergence-
less turbulence separately from turbulence with non-zero di-
vergence. In section 3 we discuss the consequences of this
for correctly implementing radiative transport in simula-
tions, and derive the appropriate radiation energy equation
in both lab and fluid frame variables. In section 4 we address
the conjecture of Socrates, Davis & Blaes (2004) that turbu-
lent Comptonization can be treated as thermal Comptoniza-
tion by solving the Kompaneets equation with an equiva-
lent “wave” temperature critically dependent on the photon
mean free path. We show this is true only for divergence-
less turbulence, derive the exact wave temperature with an
analytic solution of the radiative transfer equation, and use
this result to discuss how the wave temperature depends on
the power spectrum of the turbulence. To provide physical
insight, we also perform an intuitive, heuristic calculation
of the wave temperature which well approximates the an-
alytic solution. In section 5 we consider bulk Comptoniza-
tion by turbulence with non-zero divergence. We show that
Comptonization by turbulence whose wavelengths are short
relative to the photon mean free path can be treated as ther-
c© 2015 RAS, MNRAS 000, 1–15
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mal Comptonization with an equivalent temperature given
by the full turbulent power. In the limit of extremely opti-
cally thick turbulence, we show how the evolution of local
photon spectra can be understood in terms of compression
and expansion of the strongly coupled photon and gas fluids.
In section 6 we discuss our results, and we summarize our
findings in section 7.
2 GENERAL CONSIDERATIONS OF
TURBULENT COMPTONIZATION
In order to determine how photon spectra produced by tur-
bulent Comptonization depend on properties of the turbu-
lence itself, it is useful to understand the distinct macro-
scopic physical origins of net energy exchange due to this
effect. We show that these are simply the work done by radi-
ation pressure and radiation viscous dissipation, and discuss
the major consequences of this. We limit our consideration
in this paper to non-relativistic velocities.
Before proceeding, we define terms and quantities that
will be used repeatedly. By bulk Comptonization we mean
Comptonization by bulk motions in general, and by turbu-
lent Comptonization we mean bulk Comptonization specifi-
cally due to turbulence. We denote the characteristic photon
mean free path λp = (neσT)
−1, where ne is the electron den-
sity and σT is the Thompson cross section. We denote the
typical length scale for bulk velocity variations λ ≡ 2π/k,
such as the wavelength if there is a well-defined spatial pe-
riod. Unless otherwise stated, by the terms optically thin
and thick we mean λp ≫ λmax and λp ≪ λmin, where λmin
and λmax are the minimum and maximum length scales in
the turbulent cascade, respectively, not referring to the op-
tical depth that a photon would need to travel to escape the
medium.
Net energy exchange due to bulk Comptonization is
simply the net energy exchange between gas mechanical en-
ergy and radiation. Inside the photosphere, the mechanical
energy loss rate per unit volume to radiation is
φ = P ij∂ivj , (3)
where P ij is the lab frame radiation pressure tensor. This
can also be written as
φ = P∇ · v + P ijvis,shearDij , (4)
where P = P ii/3 is the trace of the radiation pressure ten-
sor, P ijvis,shear = P
ij − Pδij is the radiation viscous shear
stress tensor, and
Dij =
1
2
(∂ivj + ∂jvi)− 1
3
∇ · vδij (5)
is the velocity shear tensor. We see that the energy exchange
is separated into two pieces, one due to only a diverging ve-
locity field and another due to a shearing velocity field in
the presence of a radiation viscous shear stress tensor. The
first piece has contributions from two effects, ordinary work
done by radiation pressure, and radiation viscous dissipa-
tion. The former effect is first order in velocity since it is
due to the contribution to P that is zeroth order in velocity.
Energy exchange due to viscous effects, on the other hand,
is second order in the velocity, as P ijvis,shear and the relevant
contribution to P must themselves be at least first order in
velocity since they are a consequence of the velocity field.
Socrates, Davis & Blaes (2004) conjectured that turbu-
lent Comptonization can be treated as thermal Comptoniza-
tion by solving the Kompaneets equation with an equiva-
lent “wave” temperature critically dependent on the photon
mean free path. This is physically intuitive for divergence-
less turbulence since in this case energy exchange is entirely
due to radiation viscous dissipation and is therefore second
order in velocity. In section 4 we prove this conjecture for
an arbitrary, divergenceless velocity field of uniform den-
sity, derive the exact expression for the wave temperature,
and show how it is related to the standard expression for
radiation viscosity in the optically thick limit. The connec-
tion between bulk Comptonization and the radiation viscous
shear stress tensor is useful because it correctly suggests that
the wave temperature can be written in terms of P ijvis,shear.
Since pressure work, on the other hand, is an effect first or-
der in velocity, and since Comptonization by a velocity field
with non-zero divergence is a combination of pressure work
and radiation viscous dissipation, it is not surprising that in
this case bulk Comptonization cannot be treated as thermal
Comptonization, as we show in section 5.
But in the optically thin limit, i.e. when the mean free
path is significantly larger than the largest length scale in
the turbulence, energy exchange that is first order in veloc-
ity vanishes since photons are equally likely to downscatter
as they are to upscatter. Bulk Comptonization by a velocity
field with non-zero divergence is then solely due to radiation
viscous dissipation, and in section 5 we show that it may be
treated as thermal Comptonization by solving the Kompa-
neets equation with a wave temperature equivalent to the
full bulk power.
In the optically thick case, i.e. when the mean free
path is significantly smaller than the smallest scale in
the turbulence, the lowest order energy exchange is the
work done by radiation pressure to compress the gas,
since it is first order in velocity and since radiation vis-
cous effects are suppressed by a factor λ2p/λ
2 (section 4).
Socrates, Davis & Blaes (2004) assumed that effects first or-
der in velocity always vanish on average for turbulent eddies,
but in the optically thick limit photons trapped in a con-
verging (diverging) region undergo systematic upscattering
(downscattering). In the extremely optically thick limit in
which the photon and gas fluids are strongly coupled, ve-
locity convergence corresponds to compression in which gas
mechanical energy is transferred locally to the photons. In
section 5 we show that in this process a locally thermal pho-
ton distribution remains thermal and only changes temper-
ature, completely analogous to the evolution of the cosmic
microwave background radiation under the expansion of the
universe. Unlike energy exchange due to viscous dissipation,
this process is reversible. The effect of this process on the
emergent spectrum of the disc will depend primarily on how
effectively photons are able to escape from such regions to
the observer.
3 RESOLVING ENERGY EXCHANGE DUE TO
BULK COMPTONIZATION IN RADIATION
MHD SIMULATIONS
Self-consistent radiation MHD simulations of turbulent,
radiation pressure dominated accretion flows now ex-
c© 2015 RAS, MNRAS 000, 1–15
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ist, both in local vertically stratified shearing box ge-
ometries (Hirose, Krolik & Blaes 2009; Blaes et al. 2011;
Jiang, Stone & Davis 2013) and in global simulations
(Ohsuga & Mineshige 2011; Takeuchi, Ohsuga & Mineshige
2013; Jiang, Stone & Davis 2014b; McKinney et al. 2014;
Sadowski et al. 2013). Although these simulations use fre-
quency integrated equations, the emergent radiation spec-
trum can be computed, including the effects of bulk Comp-
tonization, using post-processing Monte Carlo simulations.
Indeed, this has already been done by Kawashima et al.
(2012). However, in order for such calculations to be self-
consistent, the frequency integrated radiation MHD equa-
tions used in the simulations themselves must include en-
ergy exchange due to bulk Comptonization. We now discuss
the consequences of the macroscopic physical origins of such
energy exchange detailed in section 2 for ensuring this ef-
fect is captured in simulations. We then proceed to derive
the appropriate frequency integrated source terms due to
Compton scattering for the gas and radiation energy equa-
tions in both lab frame and fluid frame variables. Using these
results, we discuss the extent to which bulk Comptonization
is captured by existing radiation MHD simulation codes.
The decomposition of bulk Comptonization energy ex-
change into pressure work and radiation viscous dissipation
shows that radiation MHD schemes that neglect contribu-
tions to the viscous stress tensor that are first order in ve-
locity cannot capture bulk Comptonization energy exchange
due to a shearing velocity field or any optically thin velocity
field with non-zero divergence. As these effects are second
order in velocity, we also note that a necessary, but not suf-
ficient, condition for capturing these effects is inclusion of
energy terms second order in velocity. Without such terms,
turbulence in this form, instead of exchanging energy with
photons, will eventually cascade down to the gridscale (or
viscous or resistive scale if the code has explicit viscosity
or resistivity), and increase the internal energy of the gas.
Gas internal energy may then be exchanged with photons
through thermal Comptonization. The omission of viscous
dissipation by radiation therefore does not prevent the even-
tual transfer of turbulent energy to radiation, but it may
have other physical effects that can in turn affect radiation
spectra.
To derive the appropriate frequency integrated source
terms due to Comptonization, we start with the zeroth mo-
ment of the radiative transfer equation, correct to order
v2/c2 and ǫ/mc2 (Psaltis & Lamb 1997),
1
neσT
(
1
c
∂n
∂t
+∇ini
)
=
1
ǫ2
∂
∂ǫ
{
ǫ3
[
ǫ
mc2
n+
(
kBTe
mc2
+
1
3
v2
c2
)
ǫ
∂
∂ǫ
n
+
3
4
ǫ
mc2
(
n2 − nini + nijnij − nijknijk
)]
+
vi
c
ni
}
+
(
18
5
+
17
5
ǫ
∂
∂ǫ
+
11
20
ǫ2
∂2
∂ǫ2
)(
nij
vivj
c2
− v
2
3c2
n
)
. (6)
Here ǫ is the photon energy, and the various angle-averaged
moments are defined in terms of the energy and direction
(ℓˆ) dependent photon occupation number n(ǫ, ℓˆ) by
n(ǫ) ≡
∮
dΩn(ǫ, ℓˆ),
ni(ǫ) ≡
∮
dΩℓin(ǫ, ℓˆ),
nij(ǫ) ≡
∮
dΩℓiℓjn(ǫ, ℓˆ),
and nijk(ǫ) ≡
∮
dΩℓiℓjℓkn(ǫ, ℓˆ). (7)
In principle, the energy equation is obtained by writing Eq.
(6) in terms of moments of the specific intensity and then
integrating over all frequencies. Unfortunately, we cannot in-
tegrate over terms multiplied by ǫ/mc2 without prior knowl-
edge of the spectrum. For the purpose of simulations, then,
we make two approximations. First, we observe that the
fractional energy change per scattering off of non-relativistic
electrons is small, so that only regions inside the photosphere
contribute to Comptonization. Since the stimulated scatter-
ing terms are already order ǫ/mc2 and in these regions de-
partures from isotropy are order v/c, we make the following
approximation for these terms:
n2 − nini + nijnij − nijknijk ≈ 4
3
n2. (8)
Second, we assume that the spectrum can be approximated
by a Bose-Einstein distribution with temperature Tr. With
these approximations, Eq. (6) yields
∂tE + ∂iF
i = neσT c
(
−
(vi
c
) F i
c
+
(v
c
)2
E
+
(vi
c
)(vj
c
)
P ij + 4kB
(
Te − Tr
mc2
)
E
)
. (9)
This is the correct energy equation, but in order for it to
capture second order energy exchange, the substituted value
of F i must be calculated with a moment closure scheme that
does not neglect contributions to the radiation viscous stress
tensor that are first order in velocity. For example, it is not
adequate to calculate F i by substituting P ij = (E/3)δij into
the first moment equation.1 This is equivalent to flux limited
diffusion in the diffusion regime, such as that implemented in
Hirose, Krolik & Blaes (2009). These do, however, capture
energy exchange due to pressure work in the optically thick
regime. To show this, we substitute into Eq. (9) the standard
closure relation,
F i = − c
3neσT
∂iE +
4
3
viE, (10)
which gives
∂tE + ∂i
(
− c
3neσT
∂iE + viE
)
= −1
3
E∂ivi
+neσT c
(
4kB
(
Te − Tr
mc2
)
E
)
. (11)
We see that energy exchange second order in velocity is not
present. Furthermore, we see that energy exchange due to a
converging velocity field is indeed the work done by radiation
pressure to compress the gas, −(1/3)E∂ivi ≈ −P∂ivi.
The M1 closure scheme (Levermore 1984), implemented
in, e.g., Sadowski et al. (2013), also captures first order
energy exchange but not second order energy exchange.
1 However, since the pressure term in the energy equation is al-
ready second order in velocity, for the purposes of capturing bulk
Comptonization energy exchange it is acceptable to make the ap-
proximation P ij ≈ (E/3)δij here.
c© 2015 RAS, MNRAS 000, 1–15
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This scheme assumes that there exists a frame in which
P ij = δijE/3. The lab frame radiation pressure tensor can
then be expressed in terms of the energy density and flux
(Sadowski et al. 2013):
P ij =
(
1− ξ
2
δij +
3ξ − 1
2
f if j
)
E, (12)
where f i = F i/E and
ξ =
3 + 4f if i
5 + 2
√
4− 3f if i . (13)
To show that second order energy exchange is not captured,
we consider the case of a non-zero radiation viscous shear
stress tensor due to a non-relativistic velocity field in an oth-
erwise homogeneous medium. The lowest order contribution
to the flux must be first order in velocity. In this scheme,
then, the radiation viscous shear stress tensor is zero to first
order in velocity, and hence second order energy exchange,
which requires a contribution first order in velocity (Eq. 4),
is not captured.
Another way to understand why both flux-limited dif-
fusion and the M1 closure scheme fail to capture second
order energy exchange is to observe that they both bridge
generic optically thick conditions with optically thin con-
ditions, while optically thin turbulence does not fall into
either category. In optically thin turbulence, the turbulence
length scales are optically thin (λmax ≪ λp), but conditions
are otherwise optically thick (λp∇E/E ≪ 1), since we are
far enough inside the photosphere that photons must scat-
ter many times before escaping. It seems that only a more
sophisticated approach, such as explicitly solving the trans-
fer equation as done by Jiang, Stone & Davis (2013), can
capture this effect.
We note that Sadowski et al. (2015) add an artificial
viscosity to the M1 closure scheme in order to address a
numerical problem associated with artificial shocks in their
simulations. They assume a kinematic radiation viscosity
given by
νs = 0.1
(
E
ρc2
)
λpc, (14)
which, as they acknowledge, underestimates the actual vis-
cosity in the optically thick limit by a factor of 27/80 (Eq.
48). Since we show (section 4) that the viscosity is smallest
in the optically thick limit (Eq. 46), this artificial viscos-
ity always underestimates the actual radiation shear stress
tensor, and therefore only partially captures secord order
energy exchange.
For completeness, we also write Eq. (9) in terms of fluid
frame radiation variables, indicated by subscript zero:
∂t
(
E0 + 2
(vi
c
)(F i0
c
))
+ ∂i
(
F i0 + viE0 + vjP
ij
0
)
=
neσT c
(
−
(vi
c
) F i0
c
+ 4kB
(
Te − Tr
mc2
))
. (15)
Since
∂t
(
2
(vi
c
)(F i0
c
))
∼ vi∂i
(
2
(vi
c
)(F i0
c
))
≪ ∂iF i0 , (16)
Eq. (15) simplifies to
∂tE0 + ∂i
(
F i0 + viE0 + vjP
ij
0
)
=
neσT c
(
−
(vi
c
) F i0
c
+ 4kB
(
Te − Tr
mc2
))
. (17)
4 COMPTONIZATION BY DIVERGENCELESS
TURBULENCE
Socrates, Davis & Blaes (2004) (hereafter S04) conjectured
that Comptonization by turbulence can be treated as ther-
mal Comptonization by solving the Kompaneets equation
with an equivalent “wave” temperature given by
Tw(λp) ≈
∫
∞
k=2π/λp
Ttot(k)dk, (18)
where
Ttot(k) =
1
3
2
kBne
E(k) (19)
is the temperature corresponding to the total electron energy
density E(k) at wavenumber k. Equation (18) generalizes
S04 Eq. (8),
Tw(λp) ≈ Tw(λ0)
(
λp
λ0
)2/3
, (20)
which gives Tw(λp) for a Kolmogorov spectrum, E(k) ∝
k−5/3, with maximum wavelength λ0. Equation (18) is a
weighting scheme of the form
Tw(λp) =
∫
∞
0
f(k)Ttot(k)dk, (21)
with the weighting function f(k) given by
fS04(k) =
{
1, k > 2π/λp
0, k < 2π/λp.
(22)
This scheme roughly gives full weight to wavelengths less
than λp and zero weight to wavelengths greater than λp.
For a periodic velocity field, since the modes are discrete,
Eq. (21) is more clearly written
Tw(λp) =
∑
i
f(ki)Ttot,i, (23)
where Ttot,i is the temperature of mode i. For the remainder
of this section we use Eq. (23) since it is more useful for
applications to radiation MHD simulations, but note that all
results also hold for Eq. (21), as this is just the continuum
limit. We also define τk = 1/λpk = λ/2πλp, the optical
depth divided by 2π across a mode with wavenumber k. Eq.
(22), for example, can then be written,
fS04(k) =
{
1, τk 6 1/2π
0, τk > 1/2π.
(24)
The structure of this section is as follows. In section 4.1
we build on S04 by proving that Comptonization by an arbi-
trary velocity field of uniform density can indeed be treated
as thermal Comptonization, provided that the field is diver-
genceless and the photon escape probability is sufficiently
c© 2015 RAS, MNRAS 000, 1–15
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10-1 100 101 102
2π/(kλp)
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f(
k
)
Figure 1. Dependence of the mode weighting function on the
mode wavelength (in units of the photon mean free path), for
a divergenceless velocity field of uniform density. The solid line
shows our formal solution, Eq. (25), the dotted line shows our
heuristic solution, Eq. (63), and the dashed line shows the rough
weighting from S04, Eq. (22).
small. The exact equivalent wave temperature is of the form
Eq. (23), with the weighting function f(k) given by
f(k) =
2
τk
(
1
Q(τk)
− 1
τk
)
, (25)
where
Q(τk) = τk−3
4
τ 3k
[
2
3
+ τ 2k − τk(1 + τ 2k ) tan−1
(
1
τk
)]
. (26)
The limiting cases of f(k) are
f(k) =
{
1 if τk → 0
2
9τ2
k
if τk →∞. (27)
We plot fS04(k) and f(k) in Fig. 1. Since log scaling is used,
the curve for fS04(k) disappears for λ > λp. We see that
fS04(k) does roughly approximate f(k). In section 4.2, to
provide physical insight into the exact solution, we also find
a heuristic, approximate expression for Tw(λp), also plot-
ted in Fig. 1, with a simple physical model motivated by
ideas put forth in S04. Finally, in section 4.3 we use the
correct expression for Tw(λp) to discuss how the wave tem-
perature depends on the power spectrum of the turbulence
and determine which turbulent wavelengths contribute most
to Comptonization.
4.1 The exact wave temperature
To derive Eqs. (23) and (25), we first find an expression for
the wave temperature in terms of the second moment of the
occupation number, since it is the latter which gives rise to
the radiation shear stress tensor. We start with the zeroth
moment of the radiative transfer equation, Eq. (6), correct to
order v2/c2 and ǫ/mc2. Note that terms of order ǫ/mc2 are
second order in velocity since for Comptonized photons ǫ ∼
mv2. Consider a solution for the angle dependent occupation
number n(ℓˆ, ǫ, z) constructed with the expansion
n(ℓˆ, ǫ, z) =
∑
i
ni(ℓˆ, ǫ, z), (28)
where ni(ℓˆ, ǫ, z) is formally ith order in velocity. We make
the ansatz that n0(ℓˆ, ǫ, z) is independent of position and
angle, so that to second order in velocity Eq. (28) is
n(ℓˆ, ǫ, z) = n0(ǫ) + n1(ℓˆ, ǫ, z) + n2(ℓˆ, ǫ, z). (29)
To second order in velocity the zeroth moment equation then
simplifies to
λp
(
1
c
∂tn+ ∂in
i
)
=
1
ǫ2
∂ǫ
(
ǫ3
( ǫ
mc2
(
n+ n2
)
+
(
kBTe
mc2
+
v2
3c2
)
ǫ∂ǫn+
vi
c
ni
))
. (30)
We also invoke the first moment of the transfer equation,
Psaltis & Lamb (1997) Eq. (35). We multiply this by vi, so
that in steady state, to second order it becomes
λp
(vi
c
)
∂jn
ij = −vi
c
− 1
3
v2
c2
ǫ∂ǫn. (31)
Substituting Eq. (31) into Eq. (30) gives
λp
(
1
c
∂tn+ ∂in
i
)
=
1
ǫ2
∂ǫ
(
ǫ3
( ǫ
mc2
(
n+ n2
)
+
(
kBTe
mc2
)
ǫ∂ǫn− λp
(vj
c
)
∂in
ij
))
. (32)
We average this over space to obtain
λp
c
∂tn =
1
ǫ2
∂ǫ
(
ǫ3
( ǫ
mc2
(
n+ n2
)
+
(
kBTe
mc2
)
ǫ∂ǫn+ λp
〈
∂i
(vj
c
)
nij
〉))
. (33)
This is the Kompaneets equation with a bulk Comptoniza-
tion contribution to the temperature given by
kBTw(λp) =
λpmc
2ǫ∂ǫn
〈
nij (∂ivj + ∂jvi)
〉
. (34)
To evaluate Eq. (34), we need to derive nij to first order
in velocity. We start with the radiative transfer equation, Eq.
(A1) of Psaltis & Lamb (1997), correct to order v2/c2 and
ǫ/mc2, and substitute in Eq. (29). In steady state, to first
order in velocity, the transfer equation then simplifies to
λpℓ
i∂in1(ℓˆ) =
3
4
n1 − n1(ℓˆ)− ℓi vi
c
ǫ∂ǫn0 +
3
4
ℓiℓjnij1 . (35)
If the density is constant and the velocity field is divergence-
less with sinusoidal mode decomposition
v =
∑
k
vk, (36)
then the solution is given by (Appendix A)
nij =
1
3
nδij +
λpǫ∂ǫn
3c
∑
k
τ 2kf(τk)
(
∂iv
j
k + ∂jv
i
k
)
, (37)
where f(k) is given by Eq. (25).
Finally, we evaluate Eq. (34) by plugging in Eq. (37) to
get
kBTw(λp) =
λ2pm
6
〈(
∂iv
j + ∂jv
i
)∑
k
τ 2kf(τk)
(
∂iv
j
k + ∂jv
i
k
)〉
.
(38)
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Since the modes are sinusoidal, Eq. (38) simplifies to
kBTw(λp) =
∑
k
1
3
m
〈
v2k
〉
f(τk), (39)
which is equivalent to Eq. (23).
If, however, one solves the Kompaneets equation with
an escape probability term, pen, we must also add such a
term to the radiative transfer equation, which may affect the
occupation number second moment. For an optically thick
system, for example, we must require that this term be small
compared to the term that sets the diffusion time scale. This
term comes from the term λpℓ
i∂in(ℓˆ), which is approximated
by
∼ λpℓi∂i
(
n+ 3ℓjnj
)
∼ λpℓi∂i
(
n− 3ℓj
(
vj
3c
ǫ∂ǫn+
1
3
λp∂jn
))
∼ λp
(
ℓi∂in− ℓiℓj∂i
(vj
c
ǫ∂ǫn
)
− ℓiℓjλp∂i∂jn
)
. (40)
The diffusion timescale is set by the second derivative term,
ℓiℓjλ2p∂i∂jn ∼
(
λp
λmax
)2
n, (41)
which gives the condition
pe ≪
(
λp
λmax
)2
. (42)
We now discuss the extent to which, in this case, radia-
tion viscous dissipation can be described by a coefficient of
kinematic viscosity νs, which is usually defined by
−P ijvis,shear = νsρ (∂ivj + ∂jvi) , (43)
where ρ is the fluid mass density. First we find the radiation
shear stress tensor corresponding to Eq. (37) by frequency
integrating and subtracting off the scalar radiation pressure,
which gives
P ijvis,shear = −
4λpE
3c
∑
k
τ 2kf(τk)
(
∂iv
j
k + ∂jv
i
k
)
. (44)
Incidentally, we note that Eq. (34) can then alternatively be
written in terms of the radiation viscous shear stress tensor,
kBTw(λp) =
−2λpmc
E
〈
P ijvis,shear (∂ivj + ∂jvi)
〉
. (45)
According to Eqs. (43) and (44), although we cannot in gen-
eral define a kinematic viscosity coefficient, for any single
velocity mode the kinematic radiation viscosity is given by
νs,k =
4
3
τ 2kf(τk)
(
E
ρc2
)
λpc, (46)
so that the radiation viscous shear stress tensor can be writ-
ten
P ijvis,shear = ρ
∑
k
νs,k
(
∂iv
j
k + ∂jv
i
k
)
. (47)
However, in the optically thick limit (i.e. λp ≪ λmin), the
kinematic viscosity is independent of k,
νs =
8
27
(
E
ρc2
)
λpc, (48)
so that in this limit the kinematic viscosity is well-defined for
an arbitrary (divergenceless) velocity field. We also note that
in this limit Eq. (38) agrees with the “heating temperature”
in Chan & Jones (1975),
kBTH =
1
27
mλ2p
(
∂jv
i + ∂iv
j
)2
. (49)
They also mention that this can be understood in terms of
the kinematic radiation viscosity given by Eq. (48).2
4.2 A heuristic wave temperature
To provide physical insight into our analytic solution given
by Eqs. (23) and (25), we now find a heuristic, approximate
expression for Tw(λp) with a simple physical model moti-
vated by ideas put forth in S04. To do this, we first consider
the wave temperature of a single mode with wavenumber
ki, which we denote Tw(λp, ki). S04 suggested that photons
can only sample turbulent velocities on scales λ 6 λp, since
longer turbulent wavelengths will advect photons back and
forth with the flow without allowing the photons to “sam-
ple” their velocities. A rough interpretation of this reasoning
leads to
Tw,rough(λp, ki) = fS04(ki)Ttot,i. (50)
If one then assumes that the wave temperature of an ar-
bitrary field is the sum of the wave temperatures of its
modes, then Eq. (18) follows. But a more subtle interpre-
tation of this reasoning suggests that Tw(λp, ki) is deter-
mined by the second moment of the distribution of velocity
differences between subsequent scatterings, 〈(∆v)2〉. In the
long wavelength limit, velocity differences between subse-
quent scatterings are negligible and so the wave power does
not contribute to Comptonization. In the short wavelength
limit, velocity differences allow photons to sample the full
power of the wave. This model of Comptonization suggests
that we define
Tw,heur(λp, ki) = fheur(ki)Ttot,i, (51)
where
fheur(k) ∝ 〈(∆v)2〉. (52)
Before proceeding, we note that defining 〈(∆v)2〉 is po-
tentially tricky because the distribution of ∆v for a photon is
dependent on its current location, in effect introducing cor-
relations into subsequent ∆v’s. In other words, subsequent
∆v’s are not independent. But if the escape probability is
low enough, a condition we quantify below, then the set of
∆v’s encountered by a photon before it escapes is indistin-
guishable from a set of ∆v’s independently drawn from the
position-averaged ∆v distribution. The order of ∆v’s is dif-
ferent in the two cases, but the total photon energy change
does not depend on the order because the fractional pho-
ton energy change per scattering is small for v2/c2 ≪ 1.
2 Incidentally, this coefficient for the viscosity was first derived by
Masaki (1971), and it differs by a factor of 10
9
from the more com-
monly cited value, νa =
4
15
(
E
ρc2
)
cλp, in, e.g., Weinberg (1971),
Weinberg (1972), and Mihalas & Mihalas (1984). The reason for
the discrepancy is that the more commonly cited value, first de-
rived by Thomas (1930), assumes pure absorption, while Eq. (48)
is correct for pure scattering (Masaki 1971; Straumann 1976).
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With these potential problems accounted for, we proceed to
calculate fheur(k).
First we find the proportionality constant between
fheur(k) and 〈(∆v)2〉 by evaluating both sides in the short
wavelength limit. In this limit, the full wave power must con-
tribute, so fheur(k) → 1. To evaluate 〈(∆v)2〉 in this limit,
let f(v) be any normalized distribution of velocities. Then,
〈(∆v)2〉 =
∫
(v2 − v1)2f(v1)f(v2)dv1dv2
= 2
(〈v2〉 − 〈v〉2) = 2σ2v. (53)
Therefore,
fheur(k) =
〈(∆v)2〉
2σ2v
. (54)
We now calculate 〈(∆v)2〉 for the position-averaged ∆v
for a single, divergenceless (i.e. transverse) mode with wave-
length λ,
v = v0 sin
(
2π
λ
z
)
. (55)
Let P∆r(∆r) be the probability density that a photon travels
a displacement ∆r between scatterings. Then, at a given
position r,
〈(∆v)2〉r =
∫
(∆v(∆r, r))2 P∆r(∆r)d
3∆r. (56)
Averaging over all positions in a volume V , this is
〈(∆v)2〉 = 1
V
∫
(∆v(∆r, r))2 P∆r(∆r)d
3∆rd3r. (57)
For a single mode, Eq. (55) gives
∆v = v0 sin
(
2π
λ
(z +∆z)
)
− v0 sin
(
2π
λ
z
)
(58)
and
〈(∆v)2〉 = 1
λ
∫ λ
0
dz
∫
d3∆r (∆v(∆z, z))2 P∆r (∆r) . (59)
The probability that a photon with mean free path l travels a
distance between s and s+ds is Ps (s) ds = (1/l)e
−s/lds. Let
µ = cos θ, where θ is the angle between the photon prop-
agation direction and the z-axis, so that ∆z = sµ. Then,
expressing ∆r in spherical polar coordinates and invoking
axisymmetry about the z-axis, equation (59) becomes
〈(∆v)2〉 = v
2
0
2lλ
∫ λ
0
dz
∫ 1
−1
dµ
∫
∞
0
ds
[
sin
(
2π
λ
(z + sµ)
)
− sin
(
2π
λ
z
)]2
e−s/l. (60)
This is easily evaluated by performing the integral over z
first, giving
〈(∆v)2〉 = v20
[
1− τk tan−1
(
1
τk
)]
. (61)
= 2σ2v
[
1− τk tan−1
(
1
τk
)]
. (62)
Eq. (54) then gives
fheur(k) = 1− τk tan−1
(
1
τk
)
. (63)
The limiting cases are
fheur(k) =
{
1 if τk → 0
1
3τ2
k
if τk →∞. (64)
By comparison, the exact solution for a single mode is deter-
mined by Eq. (25). Our heuristic result is plotted in Fig. 1,
and is remarkably close to the exact solution. In particular,
it is a much better approximation than the rough weighting
function, Eq. (22), also shown in Fig. 1. Our model based
on the second moment of the velocity difference distribution
therefore captures the essential physics of Comptonization
by a single mode.
Before proceeding to define Tw,heur(λp) for an arbitrary
velocity field, we quantify the condition that the escape
probability be low enough, presupposed by our derivation
of 〈(∆v)2〉. Since the distribution of velocity differences, as
a function of position, repeats every quarter wavelength, our
results should be valid provided photons travel a distance ∆z
in the z direction that is greater than λmax/4 before escap-
ing. For an (optically thick) random walk, ∆z ∼ (N/3)1/2λp,
where N is the average number of scatterings. Since N =
1/pe−1, where pe/tC is the escape probability per unit time
during the average time tC between subsequent scattering
events,
pe <
(
3
16
(λmax/λp)
2 + 1
)−1
≃ 16
3
(λp/λmax)
2 (65)
for optically thick modes. Up to a factor of unity, this agrees
with Eq. (42).
We now use our model to compute Tw,heur(λp) for an ar-
bitrary velocity field in terms of Tw,heur(λp, ki). Proceeding
analogously to the single mode case, we define
Tw,heur(λp) =
〈(∆v)2〉
2σ2v
Ttot, (66)
where Ttot =
∑
i Ttot,i is the temperature corresponding to
the full electron energy density of the velocity field. To sim-
plify this, we compute
〈(∆v)2〉 = 1
V
∫ (∑
i
∆vi(∆r, r)
)2
P∆r(∆r)d
3∆rd3r
=
1
V
∫ [∑
i
(vi(r+∆r)− vi(r))
]2
P∆r(∆r)d
3∆rd3r
=
1
V
∫ ∑
i
(vi(r+∆r)− vi(r))2 P∆r(∆r)d3∆rd3r
=
∑
i
〈(∆vi)2〉. (67)
To get from line 2 to line 3 we made use of the orthogonal-
ity for distinct sinusoidal modes. That is, for two distinct
modes, vi and vj, i 6= j, and any displacement ∆r,∫
vi(r+∆r) · vj(r)d3r = 0. (68)
Then, since Ttot,i ∝ σ2vi , Eqs. (54), (66), and (67) give
Tw,heur(λp) =
∑
i
fheur(ki)Ttot,i, (69)
or, alternatively,
Tw,heur(λp) =
∑
i
Tw,heur(λp, ki). (70)
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Eq. (69) is the same as the exact solution for the wave tem-
perature, Eq. (23), except that here the heuristic weighting
function is used. Note that in our heuristic derivation it is
the orthogonality of distinct modes that allows us to ex-
press the wave temperature of an arbitrary velocity field as
a sum over the wave temperatures of its modes. Unsurpris-
ingly, orthogonality was used analogously to prove Eq. (23).
Therefore, our model based on the second moment of the ve-
locity difference distribution captures the essential physics
of Comptonization by an arbitrary, divergenceless velocity
field.
4.3 The dependence of the wave temperature on
the turbulence power spectrum
We now analyse the dependence of Tw(λp) on the power
spectrum of the turbulence. For the remainder of this sec-
tion, we write k in units of 1/λp for clarity (i.e. k ≪ 1 and
k ≫ 1 denote optically thick and thin scales, respectively).
If the turbulence is completely optically thin on all scales
(kmin ≫ 1), then Tw(λp) = Ttot, independent of the energy
spectral index, p. However, if some scales in the turbulent
cascade are optically thick, then p will affect Tw(λp).
For the case where all scales in the turbulence are opti-
cally thick (kmax ≪ 1), Eq. (25) implies that
f(k) =
2
9
k2. (71)
Integrating this over an energy spectrum Ttot(k) ∝ k−p then
gives
Tw(λp)
Ttot
=
(
2
9
)
1− p
3− p
(
k3−pmax − k3−pmin
k1−pmax − k1−pmin
)
. (72)
For a broad power spectrum, i.e. kmin/kmax ≪ 1, this sim-
plifies to
Tw(λp)
Ttot
=
1
9
×


2k2max, p≪ 1
k
4/3
maxk
2/3
min, p = 5/3
2k2min, p≫ 3.
(73)
This is illustrated in Fig. 2. Note that Tw(λp)/Ttot drops sig-
nificantly for p > 1, because then the energy bearing modes
are on the largest scales. These are the most optically thick
and therefore the most downweighted in their contribution
to bulk Comptonization.
We next analyse whether Tw(λp)/Ttot, for a given spec-
tral index p and range of modes, kmin < k < kmax, is dom-
inated by small or large scales. In other words, we examine
which turbulent modes in a given spectrum contribute most
to bulk Comptonization. The relative contribution of a scale
with wavenumber k is
Tw(λp, k)dk ∼ Tw(λp, k)k
∼ f(k)Ttot(k)k
∼ kq−p+1, (74)
where, from Eq. (25), q = 2 for optically thick (k ≪ 1)
scales, and q = 0 for optically thin (k ≫ 1) scales. Now
consider an underlying power spectrum with some kmin and
kmax. We see that for p < 1 the exponent in Eq. (74) is al-
ways positive, and so small scales contribute most to bulk
Comptonization, regardless of kmin and kmax. This is physi-
cally intuitive; for p < 1, the turbulent power is concentrated
−10 −5 0 5 10
p
10-7
10-6
10-5
10-4
10-3
10-2
10-1
T
w
(λ
p
)/
T
to
t
2
9
k 2min
2
9
k 2max
Figure 2. The dependence of Tw(λp)/Ttot on p (calculated ex-
actly) for kmin = 0.001, kmax = 0.5, where k is in units of 1/λp.
Note that Tw(λp)/Ttot approaches
2
9
k2max and
2
9
k2min for p ≪ 1
and p≫ 3, respectively, as expected for a broad power spectrum
with kmax < 1.
on small scales. Since the weighting factor f(k) also favors
small scales, they of course contribute most. For p > 3, the
exponent is always negative, and so large scales always con-
tribute most. In this case, the turbulent power is so concen-
trated on large scales that they contribute more even though
f(k) favors small scales.
For 1 < p < 3, we first consider the part of the spectrum
with k ≫ 1 (if it exists). Since q = 0, small scales contribute
more than large scales for these modes. Now consider the
part of the spectrum with k ≪ 1 (if it exists). Here, large
scales contribute more than small scales. Therefore, looking
at the entire power spectrum, it is intermediate scales that
contribute most, assuming it is broad enough to include re-
gions of both small and large k. If it is not sufficiently broad,
then whether small or large scales contribute most depends
on kmin and kmax relative to k ≈ 1 (the optically thin to
thick transition wavenumber).
These results are depicted in Fig. 3. The curve in this
figure shows the values of p and k such that the derivative
of kTw(λp, k) = kf(k)Ttot(k) is zero, using the full analytic
expression for f(k) from Eq. (25). To connect this figure
to our discussion, draw a horizontal line from kmin to kmax
at a given value of p. If the line lies in the lower (upper)
region, then small (large) scales contribute most. If the line
straddles the two regions, then for the part of the line that
lies in the lower region small scales contribute most, and for
the part that lies in the upper region large scales contribute
the most. In this case, then, for the entire spectrum it is the
scales that straddle the curve which contribute most. Note
that for p < 1 and p > 3 a spectrum can never straddle the
curve, whereas for a Kolmogorov spectrum (p = 5/3), e.g.,
it can, if kmin < 3 < kmax.
5 COMPTONIZATION BY TURBULENCE
WITH NON-ZERO DIVERGENCE
Socrates, Davis & Blaes (2004) conjectured that Comp-
tonization by turbulence can be treated as thermal Comp-
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Figure 3. Regions in k− p space in which bulk Comptonization
is dominated by small (lower region) and large (upper region)
scales, as determined by the sign of d
dk
((k)(Tw(λp, k))).
tonization by solving the Kompaneets equation with an
equivalent “wave” temperature. In section 4 we proved this
under certain conditions, one of which is that the turbulence
be divergenceless. In this section we investigate Comptoniza-
tion by velocity fields with non-zero divergence, an effect
that usually cannot be treated as thermal Comptonization,
with the aim of understanding how it impacts radiation spec-
tra in generic, turbulent regions of stratified accretion disc
atmospheres.
While we do not have an exact solution for Comptoniza-
tion by an arbitrary velocity field with non-zero divergence,
we have solutions for two limiting cases. The trivial case is
the optically thin case, i.e. when the mean free path is signif-
icantly larger than the largest length scale in the turbulence,
λp/λmax ≫ 1. Electron velocities “sampled” by photons are
uncorrelated and so Compton scattering should depend on
only the total spatial average distribution of electron veloc-
ities. This is, therefore, the one case where Comptonization
by a velocity field with non-zero divergence can be treated as
thermal Comptonization, by solving the Kompaneets equa-
tion with Tw(λp) given by
3
2
kBTw(λp) =
3
2
kBTtot =
1
2
m
〈
v2
〉
. (75)
Note that although we formally write Tw(λp) as a function
of λp, in this limit Tw(λp) is independent of λp. Energy
exchange first order in velocity vanishes since photons are
equally likely to downscatter as they are to upscatter. Bulk
Comptonization is then solely due to radiation viscous dis-
sipation (see section 2). As viscous effects are second order
in velocity, it is unsurprising that they can be characterized
by a temperature. We also note that in this limit the wave
temperature is the same as that for a divergenceless velocity
field, Eq. (27). Optically thin bulk Comptonization is there-
fore a single phenomenon that depends on only the mean
square speed of the velocity field.
To arrive at this result with a more formal approach,
we start with the zeroth moment of the radiative transfer
equation, Eq. (6). In the limit of optically thin turbulence
the radiation variables must be homogeneous and isotropic,
so that ni = 0 = nijk, and nij = (1/3)nδij . Then, averaging
Eq. (6) over the largest scale λmax gives
λp
c
∂n
∂t
=
1
mc2ǫ2
∂
∂ǫ
{
ǫ4
[
n+ n2+
(
kBTe +
1
3
m〈v2〉
)
∂
∂ǫ
n
]}
. (76)
This is the Kompaneets equation, with the contribution from
the velocity field to the Comptonization temperature given
by Eq. (75).
In the optically thick case, i.e. when the photon mean
free path is significantly smaller than the smallest scale in
the turbulence, the lowest order energy exchange is the work
done by radiation pressure to compress the gas, since it is
first order in velocity and since radiation viscous effects are
suppressed by a factor λ2p/λ
2 (section 4). We focus on the
extremely optically thick case, which we define as the limit
in which photon diffusion is negligible relative to photon
advection, so that the photon and gas fluids are strongly
coupled. If we define ψǫ = ǫ
2n, the photon number density at
energy ǫ, and ψ =
∫
ψǫdǫ, the total photon number density,
then the advection and diffusion fluxes are given by
Fa = vψ (77)
and
Fd = −1
3
λpc∇ψ, (78)
respectively. The extremely optically thick limit is then
given by
λmin
λp
≫ c
v
. (79)
In this case, velocity convergence corresponds to compres-
sion in which gas mechanical energy is transferred locally to
the photons. We expect that photons with wavelength λγ
are effectively compressed at a rate given by the velocity
difference across λγ ,
dλγ
dt
=
1
3
λγ∇ · v, (80)
so that, for example, a locally thermal photon distribution
remains thermal and only changes temperature, completely
analogous to the evolution of the cosmic microwave back-
ground radiation under the expansion of the universe. This
is equivalent to a fractional energy change per scattering
given by
λp
c
1
ǫ
dǫ
dt
= −λp∇ · v
3c
, (81)
since
dǫ
dλγ
= − ǫ
λγ
. (82)
We now confirm that Eq. (81) correctly describes extremely
optically thick Compton scattering in a converging or di-
verging flow, both by providing a heuristic argument and by
deriving it from the radiative transfer equation.
Before proceeding, we note that the study of photon up-
scattering by a converging velocity field can be traced back
to Blandford & Payne (1981a,b) and Payne & Blandford
(1981), who, along with later authors, made detailed spectral
c© 2015 RAS, MNRAS 000, 1–15
Bulk Comptonization by Turbulence in Accretion Disks 11
calculations for specific velocity fields in shocks and spher-
ically accreting systems. In fact, Eq. (81) can equivalently
be stated as the upscattering timescale
t−1up =
1
3
∇ · v (83)
given in Blandford & Payne (1981a). In this section, by con-
trast, we have been investigating how this effect manifests
itself locally in a generic, turbulent region of a stratified disc
atmosphere, with the goal of resolving and interpreting it in
spectral calculations of radiation MHD simulations. We have
been focusing on the extremely optically thick case, in which
the photon and gas fluids are strongly coupled, because the
physics is both relevant and intuitive. In the moderately op-
tically thick case, on the other hand, i.e.
1≪ λmin
λp
∼ c
v
, (84)
such as photon upscattering in a radiation pressure domi-
nated shock (Blandford & Payne 1981b), diffusion competes
with advection so that photon distributions at neighboring
fluid elements mix. Photon upscattering in such a converging
flow may not be viewed as simply the compression of a pho-
ton fluid strongly coupled to the gas, and photon upscatter-
ing in which a photon thermal distribution is not preserved
can occur.
To heuristically derive Eq. (81), consider a disturbance
converging in the zˆ direction given by
v = −αzzˆ. (85)
For a 3D random walk, the average distance between scat-
terings traveled by a photon in the direction of convergence
is λp/3. Since the fractional energy change per scattering for
low energy photons is v/c, at z = 0 this gives
∆ǫ
ǫ
=
−λp∂zvz
3c
, (86)
in agreement with Eq. (81).
We now derive Eq. (81) with the radiative transfer equa-
tion, Eq. (6). If we (1) omit stimulated scattering terms to
facilitate comparison with simulations, (2) substitute in the
standard closure relations for the first moment in the opti-
cally thick limit,
ni = − vi
2c
ǫ
∂n
∂ǫ
− 1
3
λp∂in (87)
and
nij =
1
3
nδij , (88)
and (3) substitute in the photon number density ψǫ, then
the radiative transfer equation to second order in velocity
and first order in ǫ/mc2 becomes
λp
c
∂tψǫ = −λp
c
∇ ·
(
vψǫ − 1
3
λpc∇ψǫ
)
− ∂ǫ
(
ǫ
(−λp∇ · v
3c
)
ψǫ
)
− ∂ǫ
(
ǫ
(
4kBTe − ǫ
mc2
)
ψǫ
)
+ ∂2ǫ
(
ǫ2
(
kBTe
mc2
)
ψǫ
)
. (89)
Neglecting stimulated scattering, this is Blandford & Payne
(1981a) Eq. (18), cast in the physically revealing form of a
Fokker-Plank equation. The terms inside the divergence op-
erator correspond to spatial drift (i.e. photon advection) and
spatial diffusion, respectively. The next term corresponds
to energy drift due to photon upscattering (downscatter-
ing) in the presence of a converging (diverging) velocity
field. The remaining terms correspond to energy drift and
diffusion due to thermal Comptonization. Note that even
though Blandford & Payne (1981a) start with a zeroth mo-
ment equation correct only to first order in v/c, their re-
sulting equation is the same because with the standard clo-
sure relation (Eq. 87) the second order terms cancel. The
fractional energy change per scattering given by Eq. (81)
follows from the bulk upscattering term. In the extremely
optically thick limit the spatial diffusion term is negligible,
and so photons are advected with the velocity field and up-
scatter according to Eq. (81). The effect of this process on
the emergent spectrum of the disc will depend primarily on
how effectively photons are able to escape from converging
(or diverging) regions to the observer.
6 DISCUSSION
We have investigated how photon spectra produced by tur-
bulent Comptonization depend on the properties of the
turbulence itself, and how to resolve and interpret this
effect in radiation MHD simulations. Our principle re-
sults are as follows. First we address the conjecture of
Socrates, Davis & Blaes (2004) that turbulent Comptoniza-
tion can be treated as thermal Componization by solving
the Kompaneets equation with an equivalent “wave” tem-
perature. For Comptonization by divergenceless turbulence,
which is due to the radiation viscous shear stress tensor and
is therefore an effect second order in velocity, this conjec-
ture holds provided that the density is uniform and the es-
cape probability is sufficiently small (Eq. 42). The correct
wave temperature can be expressed in terms of the radia-
tion viscous shear stress tensor (Eqs. 34 and 45) and is in
turn given by Eq. (23). This is a weighting over the veloc-
ity power at each scale in the turbulence, with the weight-
ing function given by Eq. (25). Optically thin scales have
unit weight factors, implying that the power at these scales
contributes fully to the wave temperature. Optically thick
scales, on the other hand, are downweighted by a factor pro-
portional to one over the square of the optical depth across
those scales. This downweighting arises because bulk Comp-
tonization is sensitive to the difference in bulk fluid veloc-
ity between subsequent scatterings, as demonstrated by our
heuristic argument in section 4. These velocity differences
are much smaller than the velocity amplitude on some scale
if the photon mean free path is much smaller than that scale.
We note that our expression for the wave temperature
of divergenceless turbulence assumes a uniform density. Fur-
thermore, it is non-local in that it is expressed in terms
of the mode decomposition of the entire velocity field. Al-
though a generic velocity field has density variations, if the
largest turbulent length scale λmax is smaller than the scale
on which the density varies then we can define the wave
temperature for regions of order λmax. If the density also
varies on smaller scales, then we can define the wave tem-
perature for smaller regions by omitting contributions from
larger modes. Assuming these modes would be significantly
downweighted anyway, this procedure would likely capture
nearly all Comptonized power in the turbulence.
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For turbulence with non-zero divergence, bulk Comp-
tonization energy exchange is due to both work done by
radiation pressure and radiation viscous dissipation. Since
pressure work is an effect first order in velocity, it cannot
be treated with an equivalent temperature. But in the opti-
cally thin limit, i.e. when the mean free path is significantly
larger than the largest length scale in the turbulence, energy
exchange first order in velocity vanishes since photons are
equally likely to downscatter as they are to upscatter. Bulk
Comptonization by a velocity field with non-zero divergence
is then solely due to radiation viscous dissipation, and it
may be treated as thermal Comptonization. The wave tem-
perature is given by the full power in the turbulence, Eq.
(75), directly analogous to the optically thin limit of diver-
genceless turbulence.
In the optically thick case, i.e. when the mean free path
is significantly smaller than the smallest scale in the turbu-
lence, the lowest order energy exchange is the work done by
radiation pressure to compress the gas, since it is first order
in velocity and since radiation viscous effects are suppressed
by a factor λ2p/λ
2. The extremely optically thick limit, de-
fined as the limit in which spatial photon diffusion is negli-
gible relative to photon advection, is given by Eq. (79). In
this limit, the photon and gas fluids are strongly coupled,
so that velocity convergence corresponds to compression in
which gas mechanical energy is transferred locally to the
photons. Photons upscatter with fractional energy change
given by Eq. (81). In this process a locally thermal pho-
ton distribution remains thermal and only changes temper-
ature, analogous to the evolution of the cosmic microwave
background radiation under the expansion of the universe.
Unlike energy exchange due to viscous dissipation, this pro-
cess is reversible. The effect of this process on the emergent
spectrum of the disc will depend primarily on how effectively
photons are able to escape from such regions to the observer.
For moderate optical depths, such as photon up-
scattering in a radiation pressure dominated shock
(Blandford & Payne 1981b), diffusion competes with advec-
tion so that photon distributions at neighboring fluid ele-
ments mix. The effect of photon upscattering in a converg-
ing region on local spectra is more complex and depends on
the details of the flow.
It is important to note that optically thick Comptoniza-
tion by a velocity field with non-zero divergence may be very
sensitive to the time dependence of the velocity field. This
is important because usually post-processing Monte-Carlo
simulations invoke time-independent atmospheres with the
assumption that they approximately capture the effects of
interest. For example, consider Comptonization in a con-
verging region. A time-independent velocity field results in
the accumulation of photons and subsequent upscattering
to high energies at the point of zero velocity. If the re-
gion is near the photosphere, the emergent spectrum will
be strongly upscattered. But in a time-dependent velocity
field photons have a limited time to upscatter before con-
verging regions become diverging regions, and so the effect
on the emergent spectrum is significantly different.
Real accretion flows are spatially stratified. Simulations
of magnetorotational turbulence generally indicate that this
turbulence dominates the fluid velocities in the midplane re-
gions of the accretion flow. This turbulence is largely incom-
pressible (divergenceless), although it generally excites com-
pressible spiral acoustic waves (Heinemann & Papaloizou
2009a,b). Sufficiently far from the midplane, magnetic forces
always dominate thermal pressure forces, and support the
flow vertically against the tidal gravitational field of the
compact object. Such regions are dominated by Parker in-
stability dynamics, and exhibit considerable compressive be-
havior (i.e. the flow has non-zero divergence) with large den-
sity fluctuations (Blaes, Hirose & Krolik 2007).
In order for radiation MHD simulations to properly ac-
count for energy exchange due to turbulent Comptonization
so that post-processing Monte Carlo simulations of photon
spectra are self-consistent, they must include energy terms
second order in velocity and use a moment closure scheme
that correctly captures contributions to the radiation stress
tensor that are first order in velocity. The appropriate energy
equation source terms in lab and fluid frame variables are
given by Eqs. (9) and (17), respectively. Flux-limited diffu-
sion and the M1 closure scheme are insufficient because they
neglect the lowest order contribution to the radiation stress
tensor. In this case, instead of exchanging energy with pho-
tons, turbulence will eventually cascade down to the grid-
scale (or viscous or resistive scale if the code has explicit
viscosity or resistivity) and increase the internal energy of
the gas. Gas internal energy may then be exchanged with
photons through thermal Comptonization. The omission of
viscous dissipation by radiation therefore does not prevent
the eventual transfer of turbulent energy to radiation, but
it may have other physical effects which can in turn affect
radiation spectra.
7 CONCLUSIONS
Radiation pressure dominated accretion flows may have bulk
velocities that exceed thermal electron velocities. Turbulent
Comptonization, which is the effect of Comptonization by
bulk, turbulent electron motions on photon spectra, should
be significant in such sources.
For turbulence with zero divergence, bulk Comptoniza-
tion is equivalent to a radiation viscous shear stress tensor
acting on the fluid. The resulting Comptonized spectrum
can be calculated by solving the Kompaneets equation with
an equivalent “wave” temperature, which is a weighted sum
over the power present at each scale in the turbulent cascade
(Eq. 23).
Bulk Comptonization by turbulence with non-zero di-
vergence is due to both pressure work and radiation viscous
dissipation. In the limit of optically thin turbulence, pres-
sure work has negligible effect on photon spectra and ra-
diation viscous dissipation alone can be treated as thermal
Comptonization with a temperature equivalent to the full
turbulent power (Eq. 75). In the limit of extremely optically
thick turbulence (Eq. 79), radiation viscous dissipation is
suppressed, and the evolution of local photon spectra can
be understood in terms of compression and expansion of the
strongly coupled photon and gas fluids. Photons upscatter
with fractional energy change given by Eq. (81). In this pro-
cess a locally thermal photon distribution remains thermal
and only changes temperature. The effect of this process on
the emergent spectrum of the disc will depend primarily on
how effectively photons are able to escape from such regions
to the observer.
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Modeling turbulent Comptonization will ultimately re-
quire detailed analysis of radiation MHD simulations and
post-processing Monte-Carlo simulations. By exploring how
photon spectra produced by turbulent Comptonization de-
pend on the properties of the turbulence itself, we have laid
the groundwork necessary to make sure this effect is both
captured and correctly interpreted in these simulations.
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APPENDIX A: DERIVATION OF THE OCCUPATION NUMBER SECOND MOMENT DUE TO AN
ARBITRARY, DIVERGENCELESS VELOCITY FIELD OF UNIFORM DENSITY TO FIRST ORDER
IN VELOCITY
Beginning with Eq. (35), we prove that the steady state occupation number second moment for a divergenceless velocity field
of uniform density to first order in velocity is given by Eq. (37). First we find the solution for a single mode given by
v =
√
2vrms sin
(
2πz
λ
)
xˆ = v(z)xˆ. (A1)
For this mode, the transfer equation is
λpℓ
z∂zn1(ℓˆ, z) = −n1(ℓˆ, z)− ℓxv(z)ǫ∂ǫn0 + 3
2
ℓxℓznxz1 , (A2)
where we assume n1 = 0 and n
zz
1 = 0, which we can check later. Then, the transfer equation is
λpℓ
z ∂n1
∂z
= −n1 − ℓx
√
2vrms sin
(
2πz
λ
)
ǫ
∂n0
∂ǫ
+
3
2
ℓxℓz
1
4π
∮
dΩ′ℓ′xℓ′zn1(ℓˆ
′, z). (A3)
First we address the z-dependence. Because this equation is linear, it must be that n1(ℓˆ, z) is a superposition of a sine and a
cosine,
n1(ℓˆ, z) = A(ℓˆ) cos
(
2πz
λ
)
+B(ℓˆ) sin
(
2πz
λ
)
. (A4)
This gives two coupled integral equations for A and B,
− ℓ
z
τk
A = −B − ℓx
√
2vrmsǫ
∂n0
∂ǫ
+
3
2
ℓxℓz
1
4π
∮
dΩ′ℓ′xℓ′zB(ℓˆ′) (A5)
and
ℓz
τk
B = −A+ 3
2
ℓxℓz
1
4π
∮
dΩ′ℓ′xℓ′zA(ℓˆ′). (A6)
It seems that both A and B are proportional to one power of ℓx. Writing A = ℓxA˜ and B = ℓxB˜, and ℓz = cos θ = µ, we then
obtain
− µ
τk
A˜ = −B˜ −
√
2vrmsǫ
∂n0
∂ǫ
+
3
8
µ
∫ 1
−1
dµ′(1− µ′2)µ′B˜(µ′) (A7)
and
µ
τk
B˜ = −A˜+ 3
8
µ
∫ 1
−1
dµ′(1− µ′2)µ′A˜(µ′). (A8)
Observing that letting A˜ and B˜ be odd and even, respectively, is a consistent solution, the µ′ integral of B˜ vanishes, and the
two equations can be combined to give a single equation for A˜,
− µ
τk
√
2vrmsǫ
∂n0
∂ǫ
+
µ2
τ 2k
A˜ = −A˜+ 3
8
µ
∫ 1
−1
dµ′(1− µ′2)µ′A˜(µ′). (A9)
We then solve this equation with a series expansion of odd powers of µ:
A˜ =
∞∑
n=0
a2n+1µ
2n+1 (A10)
gives
a2n+1 = (−1)n a1
τ 2nk
, (A11)
which is just the expansion of (1 + µ2/τ 2k )
−1, so that
A˜ =
a1µ
1 + µ2/τ 2k
. (A12)
Substituting this back into the integral equation gives a1, which completes the solution. So far then, we have
n1(ℓˆ, z) =
√
2vrmsǫ
∂n0
∂ǫ
sin θ cos φ
{(
1
Q
)
τ2
k
cos θ
τ2
k
+cos2 θ
cos
(
2πz
λ
)
+
[
τk cos
2 θ
Q(τ2
k
+cos2 θ)
− 1
]
sin
(
2πz
λ
)}
, (A13)
where
Q ≡ τk − 3
4
τ 3k
∫ 1
0
dµ
µ2 − µ4
τ 2k + µ
2
= τk − 3
4
τ 3k
[
2
3
+ τ 2k − τk(1 + τ 2k ) tan−1
(
1
τk
)]
. (A14)
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Note that Q→ τk − τ 3k/2 in the optically thin limit, and Q→ 9τk/10 in the optically thick limit. This solution is consistent
with our assumptions and solves Eq. (35) to first order in velocity. The second moment is
nij =
1
3
n0δ
ij +
λpǫ∂ǫn0
3c
τ 2kf(τk)
(
∂iv
j + ∂jv
i
)
, (A15)
where f(τk) is given by Eq. (25). Since Eq. (35) is linear, the solution for an arbitrary, divergenceless velocity field of uniform
density is then given by Eq. (37).
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